Magnetic impurities coupled antiferromagnetically to a one-dimensional Heisenberg model are studied by numerical diagonalization of chains of finite clusters. By calculating the binding energy and the correlation function, it is shown that a local singlet develops around each impurity. This holds true for systems with a single impurity, with two impurities, and for impurities forming a lattice. The local character of the singlet is found to be little affected by the presence of other impurity spins. A small effective interaction is found between a pair of impurity spins, which oscillates depending on impurity distances. For impurity lattices, the energy spectrum shows a gap which is found to be much smaller than the binding energy per impurity if the coupling constants are small.
For larger coupling constants, it increases to the same order of magnitude as the binding energy, indicating that a local singlet is broken to create excited states. Impurity lattices with ferromagnetic couplings are also studied and their connection to the Haldane problem is discussed.
PACS numbers: 75.10Jm, 75.20.Hr, 75.30.Hx, 75.30.Mb
I. INTRODUCTION
A magnetic impurity embedded in a system of conduction electrons forms at zero temperature a spin singlet through the antiferromagnetic Kondo coupling. This Kondo problem has been extensively studied and even solved exactly. 1, 2 In these studies, the interaction between conduction electrons is usually neglected. The general question arises what changes we should expect when the interaction between conduction electrons becomes important so that they are strongly correlated. As a first step toward an answer of this question, we consider strongly interacting conduction electrons in a half-filling band in one dimension. Charge fluctuations are suppressed by the strong interaction, and the physics of the low-lying excitations is well described by the spin- 
with J > 0, J ′ > 0. Here S ic and S 0f denote the spin-1 2 operators for the electron at site i of the chain and for an electron in an impurity which is close to site 0. The notation < i, j > refers to nearest-neighbor sites in the chain. A periodic boundary condition is imposed on the chain system. The system is schematically shown in Fig.1 .
In the presence of an Ising-like anisotropy (α < 1 in Eq.(1.2)), the ground state is Néel ordered, and the excitations described by H c have an energy gap. In the classical picture, the impurity spin is antiparallel to the neighboring spin in the chain. Quantum fluctuations reduce | < S for the impurity spin to form a singlet with the spins of the chain. The purpose of this paper is to study the nature of this singlet formation for α = 1 by exact diagonalization of finite-size clusters, which has been successful to study quantum spin models in one dimension. 6 In order to obtain a comprehensive understanding of the problem, we consider not only the single impurity case but also the cases when two impurities are present or when the impurities form a lattice (see Fig.1 ).
If one of the impurity spins forms a singlet with the spin in the chain closest to the impurity site, the energy gain by H f c is 3 4 J ′ . This local singlet, however, will lose some energy due to the presence of H c . Calculating the binding energy, we find that the energy gain per impurity spin is considerably reduced from 3 4 J ′ . As shown later, the reduced values are, however, still much larger than those for the conventional Kondo problem, 7 suggesting that the binding energy is enhanced by increasing interactions between conduction electrons. It is also found that the binding energy per impurity spin is nearly independent of the number of impurities.
We also calculate the correlation function between an impurity spin and the spin in the chain closest to the impurity site. The absolute value is found to increase rapidly with increasing J ′ . Just like the binding energy, it is nearly the same for the three different systems under consideration. Even for small values of J ′ , this coincidence seems to hold.
The local disturbance generated by an impurity site seems to be little influenced by the presence of other impurities. However, this does not necessarily mean that correlations between impurities are small; as shown later, they may be substantial, particularly for small values of J ′ . The reason is that a local triplet is admixed to the singlet state due to interaction with the other spins in the chain and this results in an indirect interaction between impurities and an increase in the binding energy. In the conventional Kondo model, the two-impurity problem has been studied by several methods. 8−10 Thereby a main issue is the interplay between the single-site Kondo effect and the RKKY interaction.
In particular, the half-filled one-dimensional Kondo lattice has been studied by several authors. 11−13 It is known that for small Kondo-coupling constants the RKKY interaction becomes more important than the Kondo-singlet formation. 13 The present findings extend those observations to the case of strongly correlated electrons.
In the impurity-lattice case, we also calculate the energy gap between the lowest excited states and the ground state. It is found that they are triplets with momentum k = π when the lattice constant is set equal to one. The gap is very small for small values of J ′ . This is consistent with a non-analytic dependence ∝ e −a/J ′ where a is some constant which is found for the half-filled one-dimensional Kondo lattice. In Sec.II, numerical analysis is given of exact diagonalization of finite clusters. Section III contains the concluding remarks. In the Appendix, a system is analyzed within the spin-wave expansion, in which an impurity spin is coupled to an Ising-like anisotropic chain.
II. NUMERICAL ANALYSIS
In the following we present the results for binding energies as well as various pair correlation functions of finite Heisenberg chain systems with a single impurity, with two impurities, and with impurities forming a lattice.
18 Thereby we measure energies in units of J.
A. Single impurity
We consider the Hamiltonian given by Eq.(1.1) with α = 1. The ground state is a singlet. The binding energy ∆E 1 (J ′ , N ) is defined by This is explained as follows. The ground state for chains with odd numbers N is a doublet.
From it a localized doublet may be easily generated to form a singlet with the impurity spin. But the ground state for chains of even numbers N is a singlet, from which a localized doublet cannot be created. With increasing N, binding energies decrease for N being odd, while they increase for even numbers of N. Since effects caused by the impurity spin are expected to be confined to a finite range from the impurity site, one might think that the binding energy is independent of the system size if it exceeds the size of the spin correlation.
This is not the case though, since the energy gain due to singlet formation depends on the energy spectrum of the chain, which is discrete and depends on the system size. When extrapolating each series to N → ∞, we assume a dependence of ∆E 1 in powers of 1/N ,
to which we fit the data by a least-square method. 19 Since the two series approach each other, we can evaluate accurately their limiting value. If the impurity spin forms a perfect singlet with the spin in the chain closest to it, the energy gain due to H f c would be
This singlet state suffers an energy loss through H c though. Therefore some compromise between the two energies must take place. We find that the net binding energy is considerably reduced from We also calculate the correlation function < S 0f · S 0c > between the impurity spin and the spin in the chain closest to the impurity site. Contributions from triplet states of the two spins S 0f and S 0c appreciably influence the value of < S 0f · S 0c > provided J ′ is not too large. Another way of stating this is by saying that the impurity spin forms a singlet with the spins of the chain over a region which is rather extended. Spin correlations between an impurity spin and that of conduction electrons in a Hubbard chain have also been considered by Hallberg and Balseiro, 20 who
found an oscillatory behavior with distance.
B. Two impurities
In this subsection, we study the case of two impurities placed on nearest-neighbor and on next-nearest-neighbor sites, respectively, as shown in Fig.1(b) .
The binding energies, ∆E to show a small energy gain or loss respectively, i.e., an oscillatory behavior, depending on the distance between the two impurities. Figure 6 shows the correlation function − < S 0f · S 0c > between one of the impurity spins and the spin in the chain closest to it, when the two impurities are placed onto nearest-neighbor sites. A local singlet develops with increasing values of J ′ . By comparing The small mutual effect on both, the binding energy and the correlation function < S 0f · S 0c >, suggests a small correlation < S 0f · S 1f > between two impurity spins. Figure   7 shows the calculated values of − < S 0f · S 1f > for impurities placed on nearest-neighbor smaller than the finite gap in the excitation energy of the finite-size systems, the state of the spins in the chain is little modified by the impurity spins. For even values of N, the ground state of the spins in the chain is 'nearly' a singlet. Since the total system must be a singlet, the singlet state between two impurity spins is favored, resulting in large absolute values of the pair correlation. On the other hand, for odd values of N, the ground state of the spins in the chain is 'nearly' a doublet, and that of the total system must be a doublet.
Both, the singlet and triplet states of the two impurity spins, can couple to the spins in the chain to form a doublet. In fact, for sufficiently large systems in which the gap is much smaller than J ′ , the states of the spins in the chain can easily be deformed locally to form a singlet with the impurity spins. It seems difficult to obtain reliable limiting values for the correlation function from the present sizes of chain when J ′ is small.
C. Impurity lattice
In this subsection, we study systems in which the impurities form a lattice, as shown in Fig.1(c) . Each impurity spin is coupled to a spin in the chain with exchange constant J ′ , and the impurities do not interact directly with each other.
We calculate the binding energy per impurity spin which is defined by We also calculate the correlation function between one of the impurity spins and the nearest spin in the chain. Figure 9 shows the calculated function − < S 0f · S 0c >. In addition to the ground-state properties, we also calculate the energy and the wave function of the lowest excited states. The lowest excited states are triplets with momentum k = π. The energy gap ∆(J ′ , N ) is defined by the difference between the energy of the lowest excited state and of the ground state. Figure 11 shows the calculated values of Breaking up a local singlet to create excited states becomes apparent in the strong coupling limit when J ′ → ∞. In that case, each impurity spin forms a perfect singlet with the nearest spin in the chain. The low-lying excited states consist of a triplet excitation at a particular site with the other sites remaining within the singlet state. They are 3N-fold degenerate, having energy J ′ . The first-order correction to order 1/J ′ lifts the degeneracy.
Let |T µ (j) > be the state of the triplet to which site j is excited with the magnetic quantum number µ(= ±1, 0). Then the state |ψ
with an excitation energy E k = J ′ + 1 2 cos k. 14 Note that E k has a minimum at k = π, which is consistent with the present numerical results for weak and intermediate couplings.
Finally, we discuss briefly the changes which occur when the coupling is ferromagnetic Figure 13 shows the correlation function < S 0f · S 0c > between one impurity spin and the nearest spin in the chain as J ′ varies. The values first increase rapidly and then move gradually toward 0.25 , which is the one of a perfect triplet. By comparison with Fig.9 , the local triplet character seems to be established rapidly. Similarly as in Fig.9 , it is difficult to extrapolate the value for N → ∞.
The lowest excited states are found to be triplets with momentum k = π. 
III. CONCLUDING REMARKS
We have studied systems of magnetic impurities coupled to a spin- is the density of states of the conduction electrons at the Fermi energy. 7 The first term is the normal part, and the second term is the anomalous part corresponding to the Kondo temperature. For t ≃ 1eV and J ′ ≃ 0.2eV, we obtain ∆E 1 ≃ 0.002eV+4e −10π eV, i.e., the anomalous part is extremely small. On the other hand, in the present Heisenberg chain model, the exchange interaction between conduction electrons may be estimated as
when U ≃ 4eV and t ≃ 1eV, where U is the Coulomb interaction between conduction electrons. 7 For J ′ ≃ 0.2eV, we have J ′ /J = 0.2, and from Fig.2 we estimate the binding energy as ∆E 1 ≃ 0.025eV. This value is at least by one order of magnitude larger than that for the conventional Kondo problem. This enhancement results from the fact that the disturbance in the chain due to the presence of the impurity is much more local for finite U than for U = 0.
We have found that the binding energy per impurity spin as well as various spin correlation functions are nearly independent of the impurity density. This implies that the state which an impurity is forming with its surroundings remains unaffected by the presence of other impurities, which indicates its local character. The binding energy is mostly determined by this local character. Following the RKKY interaction, we may express the indirect interaction between impurities at sites i and j as H ind = J ′2 χ(i, j)S if · S jf , where 
APPENDIX
We analyze the case that an impurity is coupled to an anisotropic Heisenberg model by using the spin-wave expansion. For an Ising-like anisotropy (α < 1 in Eq.(1.2)), the ground state is Néel ordered, and the system is divided into A (up spins) and B (down spins)
sublattices. In the following, the impurity spin is assumed to be antiferromagnetically coupled to a spin in sublattice A, thus pointing downward. We treat the deviation from the classical directions by using the Holstein-Primakoff transformation:
Here a i and b j are boson annihilation operators for spins on sublattices A and B, respectively, and c is a boson annihilation operator for the impurity spin. Substituting
Eqs.(A1)-(A3) into Eqs.(1.2) and (1.3), we have
Hereafter we measure energies in units of J.
Since the Hamiltonian is composed only of the terms quadratic in the boson operators, we can solve the problem by using a Green's function formalism. 4, 5 We consider the following functions,
Here T is the time-ordering operator. We take 
where
with −π/2 < k ≤ π/2. The excitation energy E k has a gap.
Summing up the diagrams to infinite order, the ones of lowest order shown in Fig.15 , we obtain
The energy of the bound state E B is determined by the relation
For J ′ < 2, one of the bound states is positioned in the region −2S √ 1 − α 2 < E B < 0, and another has in 2S < E B . Using the Green's functions, we obtain the averages of spin operators from the relations,
Here C + (C − ) indicates that the integration path for dω is taken along the half circle in the upper (lower) plane for complex ω. 19 Assuming a N-dependence of ∆E 1 (J ′ , N ) as 
